The spatially flat and isotropic cosmological model of Brans-Dicke theory with coupling parameter ω = − 3 2 is quantized by the approach of loop quantum cosmology. An interesting feature of this model is that, although the Brans-Dicke scalar field is non-minimally coupled with curvature, it can still play the role of an emergent time variable. In the quantum theory, the classical differential equation which represents cosmological evolution is replaced by a quantum difference equation. The effective Hamiltonian and modified dynamical equations of loop quantum Brans-Dicke cosmology are also obtained, which lay a foundation for the phenomenological investigation to possible quantum gravity effects in cosmology. The effective equations indicate that the classical big bang singularity is again replaced by a quantum bounce in loop quantum Brans-Dicke cosmology.
I. INTRODUCTION
As a background independent approach to quantize general relativity (GR), loop quantum gravity (LQG) has been widely investigated in the past 25 years [1] [2] [3] [4] . Recently, this non-perturbatively loop quantization procedure has been successfully generalized to the metric f (R) theories [5, 6] , Brsns-Dicke theory [7] and scalar-tensor theories [8] . In fact, the scheme of these loop quantum modified gravity theories can be extended to more general metric theories of gravity with well-defined geometrical dynamics [9] . However, to go round the extreme complexity of a full theory of quantum gravity, one approach usually taken is to apply the formal quantization prescriptions to symmetry-reduced models. These relatively simple toy models could be employed to test the ideas and constructions of the full theory and to draw some physical predictions. The so-called loop quantum cosmology (LQC) is such a symmetry-reduced model from LQG. We refer to [10] [11] [12] [13] for reviews on LQC. Similarly, to further test the constructions and explore the physical contents of loop quantum scalar-tensor theories, it is desirable to study their symmetry-reduced models, such as cosmological models. Among all scalar-tensor theories of gravity, the most simple one is the so-called Brans-Dicke theory which was introduced Brans and Dicke in 1961 to modify GR in accordance with Mach's principle [14] .
The cosmological models of classical Brans-Dicke theory were first studied in [15, 16] . Then many aspects of Brans-Dicke cosmology have been widely investigated in the past decades [17] . The scalar field non-minimally coupled with curvature in Brans-Dicke theory is even expected to account for the dark energy problem [18] [19] [20] [21] [22] [23] , which has become a topical issue in cosmology [24] . It should be noted that the solar system experiments constrain the coupling constant ω of the original 4-dimensional Brans-Dicke theory to be a very large number [25, 26] . For simplicity consideration and consistency with the solar system experiments, we will only consider the original Brans-Dicke theory with coupling constant ω = − 3 2 . This paper is organized as follows. The canonical structure and connection dynamics in the spatially flat FRW model of classical Brans-Dicke theory is first given in section II. Then we construct the loop quantum Brans-Dicke cosmology in section III, where the dynamical difference equation representing cosmological evolution in the quantum theory is derived. In section IV, by simplifying our quantum Hamiltonian constraint, the path integral method is employed to obtain an effective Hamiltonian constraint. In the light of this effective Hamiltonian, the effective dynamical equations of loop quantum Brans-Dicke cosmology is derived in section V, which implies a quantum bounce near to the classical big bang singularity. Conclusions and outlooks are given in the last section.
II. CANONICAL STRUCTURE OF BRANS-DICKE COSMOLOGY
The original gravitational action of 4-dimensional Brans-Dicke theory reads [14] 
where φ is a scalar field, R denotes the scalar curvature of spacetime metric g µν , and ω is the coupling constant. Now we consider the spatially flat, homogeneous and isotropic model. According to the cosmological principle, one can write the line element of the spacetime metric of our universe as the following standard form, which is the so-called Friedman-Robertson-Walker (FRW) metric
where a is the scale factor. At classical level, if one assumes that the matter constituent of the universe be some perfect fluid, the evolution equations of Brans-Dicke cosmology would read [15] ȧ a +φ 2φ
and the equation of motion for the scalar field is
where a dot over a letter denotes the derivative with respect to the cosmological time t, ρ and P are respectively the energy density and pressure of the fluid. In the case that the matter part is a massless scalar field, because P = ρ, the above equation will reduce to
Recall that loop quantum scalar-tensor theories are based on their connection dynamical formalism [8] , where the phase space consists of canonical pairs of geometrical conjugate variables, SU (2) connection A i a and densitized triad E b j , and scalar conjugate variables (φ, π). The Poisson brackets between the canonical variables read
where κ = 8πG. To mimic the full theory, we can do the following symmetric reduction of the connection formalism as in standard LQC. We first introduce an "elemental cell" V on the homogeneous spatial manifold R 3 and restrict all integrals to this elemental cell. Then we choose a fiducial Euclidean metric o q ab on R 3 as well as the orthonormal triad and co-triad
For simplicity, we let the elemental cell V be cubic as measured by o q ab and denote its volume by V o . For spatially flat FRW model we have A i a = γK i a , where γ is a nonzero real number andK i a is defined in [8] . Via fixing the degrees of freedom of local gauge and diffeomorphism transformations, we finally yield the reduced connection and densitized triad as [10] 0 andc = (φȧ + a 2φ )γV 1 3 0 . The Gaussian and diffeomorphism constraints in the full theory have been solved by the symmetric reduction. Hence, in the cosmological model we only need to treat the remaining Hamiltonian constraint. Its expression in the full theory reads [7] 
In the cosmological model which we are considering, the above Hamiltonian constraint reduces to
Recall that in the cosmological model of GR minimally coupled with a massless scalar field, the scalar field can be viewed as an emergent internal time variable. An interesting question arising in our Brans-Dicke cosmology is that whether the scalar field nonminimally coupled with the geometry can still be viewed as emergent time. To answer this question, we check the evolution equation of the scalar field, φ = {φ, H} = 2κ
If we could show that p φ = 3cp κγ + πφ is a constant of motion, the scalar field would be a monotonic function with respect to the cosmological time. This is indeed the case sincė
where sgn(p) is the sign function for p. Therefore we conclude that, although the scalar field is nonminimally coupled with geometry in Brans-Dicke cosmology, it can still be viewed as an emergent time variable.
III. LOOP QUANTIZATION OF BRANS-DICKE COSMOLOGY
To quantize the cosmological model, we first need to construct the quantum kinematics of Brans-Dicke cosmology by mimicking the loop quantum scalar-tensor theory. This is the so-called polymer-like quantization. The kinematical Hilbert space for the geometry part can be defined as H gr kin := L 2 (R Bohr , dµ H ), where R Bohr and dµ H are respectively the Bohr compactification of the real line and Haar measure on it [10] . On the other hand, for convenience we choose Schrodinger representation for the scalar field [12] . Thus the kinematical Hilbert space for the scalar field part is defined as in usual quantum mechanics, H sc kin := L 2 (R, dµ). Hence the whole Hilbert space of Brans-Dicke cosmology is a direct product, H BD kin = H gr kin ⊗ H sc kin . Now let |µ be the eigenstates ofp in the kinematical Hilbert space H gr kin such thatp |µ = 8πGγ 6 µ|µ .
Then those eigenstates satisfy orthonormal condition
where δ µi,µj is the Kronecker delta function rather than the Dirac distribution. For the convenience of studying quantum dynamics, we define new variables
p being a minimum nonzero eigenvalue of the area operator [27] . They also form a pair of conjugate variables as
It turns out that the eigenstates ofv also contribute an orthonormal basis in H gr kin . We denote |φ, v as the generalized orthonormal basis for the whole Hilbert space H BD kin . In (b, v) representation, the Hamiltonian constraint (2.7) can be written as
Now we come to the quantum dynamics. As in usual LQC, we start with the Hamiltonian constraint of full theory. However, since what we consider here is the homogeneous universe, the last two terms containing spatial derivative in the Hamiltonian (2.6) can be neglected. Hence we write Eq.(2.6) as H = 5 i=1 H i . The quantization of the first two terms in H is similar to that in usual LQC [13] . Thus the sum of the first two terms act on a quantum state Ψ(ν, φ) ∈ H BD kin as
Hence the final result is
Now we turn to H 3 , H 4 , H 5 terms. Note that here we need to quantize the termK i a E a i . Due to the spatial flatness, we haveK i a E a i = 1 γ A i a E a i . In the cosmological model, this term can be reduced by
Because we use polymer representation for geometry, there is no quantum operator corresponding to connectionc as in standard LQC [12] . Hence we have to replace the connection by holonomy to get a well-defined operator. This can be achieved by using the classical identity 
Let β = 3 + 2ω. Based on the above discussion, the action ofĤ 3 on a quantum state read
Similarly, for H 4 term we havê
Also the action ofĤ 5 takes the form
Thus, the Hamiltonian constraint (2.6) has been successfully quantized in the cosmological model. The Hamiltonian constraint equation of loop quantum Brans-Dicke cosmology reads
With this quantum dynamical equation in hand, in principle one can study the evolutional behavior of the universe around the classical big bang singularity by numerical simulation. However, since the terms related to the Brans-Dicke scalar field are involved in the quantum Hamiltonian, the numerical simulation becomes very complicated, which we would like to leave for future study. In this paper, we will employ an effective Hamiltonian instead of the full quantum Hamiltonian to study the dynamical evolution of the universe in this model. To study the effective theory of loop quantum Brans-Dicke cosmology, we also want to know the effect of matter fields on the dynamical evolution.
Hence we now include an extra massless scalar matter field ϕ into Brans-Dicke cosmology. Then classically the total Hamiltonian constraint of the model reads
where p ϕ is the momentum conjugate to ϕ. In the quantum theory, the whole Hilbert space now is a direct product of three parts, H total kin = H gr kin ⊗ H sc kin ⊗ H matter kin .
Here the kinematical Hilbert space for the matter part is also defined as in usual quantum mechanics as H matter kin := L 2 (R, dµ). The action of the Hamiltonian of matter field on a quantum state Ψ
(3.6)
IV. EFFECTIVE HAMILTONIAN OF BRANS-DICKE COSMOLOGY
To test the robustness of key features of loop quantum cosmology, a simplified soluble model of LQC was proposed in Ref. [28] . In the simplified model, one first adapted the classical theory to the scalar matter field time by the following "harmonic gauge" form of spacetime metric:
Then the Hamiltonian constraint (3.5) becomes
In the corresponding quantum theory, we denote quantum state Ψ(v) ≡ Ψ(v, φ, ϕ) for short. Then the simplified Hamiltonian constraint equation reads
Thus we get a Klein-Gordon type equation for the quantum dynamics of Brans-Dicke cosmology coupled with a massless scalar field. Note that the constraint equation (4.2) could also be reduced from the Hamiltonian (3.4) and (3.6) by the replacements [28] :
The first replacement amounts to assuming O( 1 |v| ) ≪ 1, which then implies the validity of the second replacement.
The effective description of LQC is a delicate and topical issue since it may relate the quantum gravity effects to low-energy physics. The effective Hamiltonian of LQC are being studied from both canonical perspective [29] [30] [31] [32] and path integral perspective [33] [34] [35] [36] [37] . With the help of the Hamiltonian constraint equation (4.2), we now derive an effective Hamiltonian within the timeless path integral formalism. In timeless path integral formalism of our model, the transition amplitude equals to the physical inner product [33, 34] , i.e.,
whereĈ ≡Θ +p 2 ϕ / 2 . As shown in Refs. [34, 35] , by multiple group averaging and complete basis inserting, we will need to calculate
Since the action of the constraint operator C has been separated into gravitational part and matter part, we could calculate the exponential on each kinematical space separately. Then, for the matter part one gets ϕ n |e iǫαn p 2 ϕ 2 |ϕ n−1 = dp ϕn ϕ n |p ϕn p ϕn |e iǫαn For the gravity part, we first use the following identity
Then, the matrix elements ofΘ i can be calculated separately by using Eq.(4.3). We have
where π n is the momentum conjugate to φ n . Similarly, we can get
dφ n dπ n e iǫ( πn φn−φ n−1 ǫ ) π n v n−1 (δ vn,vn−1+2 − δ vn,vn−1−2 ).
At last we have
dφ n φ n |Θ 4 |φ n−1 = dφ n φ n | κ β 2 φπ 2 +π 2φ |φ n−1 = κ β 2 dφ n dπ n φ n ||π n π n |π 2φ |φ n−1 + dπ n φ n |φπ 2 |π n π n ||φ n−1
dφ n dπ n e iǫ πn ( φn −φ n−1 ǫ ) (φ n + φ n−1 )π 2 n . db n e −ibn(vn−vn−1)/2 4 sin 2 (b n ), Eq.(4.7) can be expressed as
Collecting all the above ingredients the transition amplitude can be written as
Finally, by taking the 'continuum limit' we can get a path integral formulation as
where c is an overall constant. Hence, the effective Hamiltonian constraint in the simplified model can be simply read as
It is easy to see from above expression that the classical Hamiltonian constraint (4.1) can be recovered from C ef f in the large scale limit as sin b → b. Therefore the above quantum model has correct classical limit. On the other hand, if one wants to achieve the effective Hamiltonian constraint for the original model of previous sections, the proper time of isotropic observers should be respected. Then the factor 1 |v| has to be multiplied to C ef f . We thus obtain
where the matter density is defined by 
Now, let us calculate the evolution ofp φ ≡ 3 4 sin(b)v + πφ. It readṡ 
On the other hand, the effective Hamiltonian constraint H F = 0 can be rewritten as
which gives
where we defined an effective matter density ρ e ≡ βφ 2 4κ +φρ and ρ c ≡ 3 γ 2 ∆κ = √ 3 32π 2 G 2 γ 3 . Note that Eq.(5.6) guarantees the positivity of ρ e . Now with the help of Eq.(5.6), Eq.(5.5) can be expressed as ȧ a +φ 2φ
(5.7)
Note that we also have
By using Eqs. (5.2), (5.3) and (4.8), we can show that P 2 φ is a constant of motion sincė
Therefore, for a contracting universe, ρ e would monotonically increase while v decreases. Thus, when ρ e = ρ c , we have cos(b) = 1 − ρe ρc = 0. Then, from Eq.(5.1), we can easily getv = 0, which implies a quantum bounce happened at that point. To see this is really the case, we can calculatev by taking the Poisson bracket of Eq.(5.1) with the effective Hamiltonian
Now we consider the evolution at the point ρ e = ρ c . Since we have cos(b) = 0 and sin(b) = sgn(p), taking account of Eq.(5.2), Eq.(5.8) becomesv
To simplify the discussion, we now consider the vacuum situation. Then we have ρ e = βφ 2 4κ , and hence Eq.(5.9) becomesv
where we used the fact that the Brans-Dicke coupling parameter ω = 0 was ruled out by the solar system experiments [25, 26] . To justify the above auguments, let us consider the vacuum solution of this cosmological model. In this case, Eq. f
The solution of this equation goes as follows,
where φ cr is the value of the field at the moment of the bounce. Therefore we obtaiṅ
The special case of this solution is β = 3, which corresponds to ω = 0. In such a case one gets a constant Hubble parameter H ≡ȧ a = 0, which is unphysical and coincides with the result of Eq.(5.10). Except for the unphysical case, the evolution of the Hubble parameter for ω ∼ 10 5 is presented at the left panel of the Fig.1 . It should be noted that, the assumption which we made in order to obtain these solutions is satisfied for any values of β, ρ c and φ cr , as long as φ > 0 (for β ∈ (0, 12)) or φ > φ cr 1 − 2
(for β > 12). Since φ = φ cr is always within this range, the solution (5.15) covers the bounce for any values of parameters of the model. The similar analysis could also be performed for the effective Brans-Dicke cosmology with a massless scalar field ϕ. We present the existence of the bounce in this case at the right panel of Fig.1 by the evolution of the Hubble parameter as a function of ϕ, which in this case may play a role of a time variable. Hence, just as the LQC case of GR, the big bang singularity of classical Brans-Dicke cosmology can also be avoided by its loop quantization. (ii) In the classical limit when ρ e ≪ ρ c , the ρe ρc terms in Eq. (5.7) can be neglected, and hence it reduces to the evolution equation (2.2) of classical Brans-Dicke cosmology as ȧ a +φ 2φ
VI. CONCLUDING REMARKS
To summarize the results in previous sections, we first studied the spatially flat FRW model of Brans-Dicke theory. It turns out that, although the scalar field is non-minimally coupled, it can still be treated as an emergent time variable. Hence, in Brans-Dicke cosmology an internal time may come from the gravity rather than an extra matter field. This model is then successfully quantized by the nonperturbative loop quantization approach with the Brans-Dicke coupling parameter ω = − 3 2 . The Hamiltonian constraint is successfully quantized in this model. Due to the polymer-like quantization and the non-vanishing minimal area, the classical differential equation which represents cosmological evolution is now replaced by quantum difference equation. In addition, we use the timeless path integral formalism and the simplified treatment to derive an effective Hamiltonian of loop quantum Brans-Dicke cosmology. The same expression could also be obtained if we took the heuristic replacement ofc → sin(μc) µ in the classical Hamiltonian constraint. Hence the quantum theory has correct classical limit. Furthermore, we use this effective Hamiltonian to get the effective dynamical equations of the theory, which lay a foundation for the phenomenological investigation to possible quantum gravity effects in cosmology. Our analysis indicates that the classical big bang singularity is again replaced by a quantum bounce in loop quantum Brans-Dicke cosmology. This result strengthens our confidence that the existence of quantum bounce is a universal feature of loop quantum cosmological models.
There is also interesting situation in loop quantum Brans-Dicke cosmology, which does not exist in the LQC of GR. Since the scalar field φ of Brans-Dicke gravity can play the role of emergent time, there exists a meaningful vacuum evolution in loop quantum Brans-Dicke cosmology. As shown in section V, in this case the quantum bounce still exists even without extra matter field. It should be noted that there are many aspects of the loop quantum Brans-Dicke cosmology which deserve further investigating. For examples, it is still desirable to confirm the effective equations of loop quantum Brans-Dicke cosmology from canonical perspective. To confirm the universality of the quantum bounce, we need to generalize our scheme to other modified gravity theories, such as f (R) theories and general scalar-tensor theories. Moreover, since our effective equations laid a foundation for the phenomenological investigation to possible quantum gravity effects in cosmology, we also would like to further study the cosmological perturbation theory and inflation scenario under our framework of loop quantum Brans-Dicke cosmology. We leave all these interesting topics for future study.
